Sequences
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The sequence (a,) is defined by the formulas

ap = % and a,41 = 2ann
co=4andcyy =c2—2c,+2forn>0.

Prove that a, = 200010—10,,_1
7

Solution by Arkady Alt , San Jose, California, USA.

First note that a,, < 1,n > 0. Indeed, ay < 1 and for any n > 0 assuming a, < 1
2a,

5 forn > 0, and the sequence (c,) is defined by the formulas

we obtain a,4 =

- <1< (an—1)% > 0.Also note that 1 — a1 =

n

2a, _ (1-a,)? 2a, (1 +ay)?

and 1 +a, =1+ =

C1+a2 a2+l 1 +a’ az+1
2
Hence, 4+ dut ( 1+a, ) n > 0and since +790 _ 3then 4+ _ 32" , > ¢
1—an+1 l—a,, 1-a ao 1-a
Indeed, for any n > 0 assuming M — 32" we obtain iJ’—Z”“ = (32")2 — 32"
— Unp+l

Thus, by Math Induction it—zn = 32 for any n € NU (0) and, therefore, a, = gz " 1 .
Also, since ¢,;1 = c2—-2¢c,+2 < cp1—1 = (c,—1)"and ¢p = 4 — 1 = 3 then again

n+l
by Math Inductionc¢, -1 =3*" < ¢, =3%"+1= 3322—11 n € NU (0) and, therefore,
Hck = ﬁ 32 1 371 _ 371 _ aB+1D) e, _ 2¢oC1...Cn
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